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Introduction



The cosmic microwave background contains information about
the inflationary epoch and about temperatures below ~ 1 eV.

Information about intermediate temperatures was
erased because photons were in thermal equilibrium.

The cosmological neutrino background contains information about
the inflationary epoch and about temperatures below ~ 1 MeV.

Information about intermediate temperatures was
erased because neutrinos were in thermal equilibrium.

The cosmological gravitational wave background contains
information about all epochs — but is very difficult to observe.



Information is spread into a huge frequency range.
In terms of today’s frequency:

CMB anisotropies: f < 1/100Mpc ~ 10~ !¢ Hz.
Pulsar timing experiments: f ~ 1/y ~ 107 Hz.
eLISA (space-based): f ~ 1/10°km ~ 1072 Hz.
aLIGO etc (earth-based): f ~ 1/10km ~ 10° Hz.

Tabletop experiments: f ~ 1/m ~ 10” Hz.



Examples of astrophysical backgrounds:*
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3 C.J. Moore, R.H. Cole and C.P.L. Berry, Gravitational-wave sensitivity curves, Class.

Quant. Grav. 32 (2015) 015014 [1408.0740].
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Of cosmological interest: eLISA

“evolved Laser Interferometer Space Antenna” (elisascience.org):

LISA Pathfinder launch 2015; eLISA launch > 20287

Horizon radius of electroweak epoch (7T, ~ 160 GeV) corresponds
to 1 AU today; subhorizon physics leads to shorter wavelengths.

This matches feLISA ~ 10_4 c e 10_1 Hz (leLISA ~ 106 km)
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On the high-frequency side: the “Chongging” experiment.”
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4 M.L. Tong, Y. Zhang and F.Y. Li, Using polarized maser to detect high-frequency relic
gravitational waves, Phys. Rev. D 78 (2008) 024041 [0807.0885], and references therein.
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Production of gravitational waves



From linearized general relativity (g, = n,, + h,,) the metric
perturbation h ,, in the traceless transverse (TT) gauge obeys

PTT _ g2, 7T _ 107

1] (Y]

T
mPI

For a point source, need a quadrupole (spin 2). For k = k eg,
the TT polarization states are represented by

T12 ) Tll o T22 )

The energy associated with gravitational waves reads
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Let pow = Eqw/V denote the energy density. Taking a
time derivative of the quadratic dependence leads, after some
manipulations, to (X = (¢, x))

dpagw 47
dtd3k  (2m)3m?2 Jx

e’i(kt—k-x) <TTT(O O) TTT(t X) >

Equivalently, choosing k = k e,

dpgw 8k’
dtdlnk  7™m2 Jx

6ik(t_z>< T15(0) Ty5(t,x) ) -

So need to compute a “light-cone” correlation function of the
TT components of the energy-momentum tensor.
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Rate in the infrared domain (k < T)
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For very small momenta k << T' the plasma can be described by
linearized hydrodynamics. Variables are T" and the flow velocity
v. Energy-momentum tensor to O(v):

T (e +p)v',

TV = (p— CV-V) 59 — n(@ivj —|—8jvi — §5ijv : V) :

where e, p, (,n are the energy density, pressure, and bulk and
shear viscosity ([e, p] = T*, [¢,n] = T°).

Non-diagonal components require the existence of “shear flow":

—

Ty, =n(0,v, +90,v,) . e

In equilibrium (T},,) = 0, (T},) = 0.
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However there are fluctuations.> Well-known:°

/xev<T°1(O’ 0) TOl(O,x)> — T(e+p) .

Use 0, T"" = 0 = correlations persist to non-zero times.

For the TT components there is no hydrodynamic equation, so
correlations do not persist and only a “contact term” exists:

(Typ(0)Tya(t,%)) = 20T 8(1) 8 (x)

. tk(t—=z
lim [ e 2T, (0) Tyy(t, x) ) = 20T .

5 See, e.g., E.M. Lifshitz and L.P. Pitaevskii, Statistical Physics, Part 2, §88-89
(Butterworth-Heinemann, Oxford).

6 See, e.g., L. Giusti and H.B. Meyer, Thermal momentum distribution from path
integrals with shifted boundary conditions, Phys. Rev. Lett. 106 (2011) 131601 [1011.2727].
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What is the physical value of the shear viscosity?

“Kubo formula” (putting spatial k — O first):

2nT = lim eiwt/<T12(O) Ty, (t,x) ) .

w—0 ¢

“Paradox”: if there were mo interactions, particles would fly
freely, and correlations would persist = large viscosity.

Indeed, in kinetic theory (Boltzmann equations), n ~ 1/0o,
where o is a cross section related to kinetic equilibration.

So 77 is dominated by the most weakly interacting particles.
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Result for the Standard Model’

Omitting all particle species which equilibrate faster than right-

handed leptons,
16T

gt In(5T/my,)
where mp; = /11/6 g1T is the hypercharge Debye mass.

n =

Inserting g1 ~ 0.36 for the gauge coupling yields
3
n ~40071" ,

which sounds fairly large.

! P.B. Arnold, G.D. Moore and L.G. Yaffe, Transport coefficients in high temperature
gauge theories. 1. Leading log results, JHEP 11 (2000) 001 [hep-ph/0010177]; Transport
coefficients in high temperature gauge theories. 2. Beyond leading log, JHEP 05 (2003) 051
[hep-ph/0302165].
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Rate in the ultraviolet domain (k >1T)
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For large momenta can write T, interms of elementary fields.

The non-diagonal components (¢ # j) amount to fairly simple
composite operators:

Gauge fields = T}, = —F" B,

Higgs field = T.. = 2(D;¢)"(D;¢).

. ; o
Fermions = T}, = Zw (% D+ ~; D ) Y.
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Back-of-the-envelope estimate

The rate is suppressed by e */T because the energy carried away
by the graviton must be extracted from thermal fluctuations ...

. and by ~ T2/m2PI because of the gravitational coupling ...
. and by ~ g, because scatterings are needed.

The production continues for a Hubble time mp /T

So the end result should be (ozSTe_k/T/mm) X ¢(k,T).
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Real computation

Because real scatterings are needed, need to compute the 2-point
function of 1), at 2-loop level, for instance

The production rate (“amplitude squared”) is given by the cut
(or imaginary part) of these diagrams.
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Formally the largest effect: logarithmically enhanced terms:®

k~ 3T

e S e

—h

~ 3T

The t-channel exchange (Compton scattering) gives a non-zero
contribution because of an incomplete cancellation between
“longitudinal” gauge fields at finite temperature:

/X eik(t_z)< T15(0) T15(t, x) )

(T) /1 1 qi

2 2
a; \41 g1 +my/ 2

8 Qualitatively noticed already by S. Weinberg, Gravitation and Cosmology.
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Inserting the appropriate factors yields

doew__ 2k4TfB(k){Zd miin 2L 1 o) b

dtdln k mPl mp,

1

where di = 1, dy = 3, d3 = 8§; mDZ is the Debye mass
corresponding to the gauge group U(1), SU(2) or SU(3).

Debye masses:
2 212 2 22 2 22
mp, = 11g7T7/6 , mp, = 11g;T°/6, mp; = 29571 .

Because of the largest multiplicity, QCD dominates.
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Summary (local Minkowskian frame)

The equilibrium production rate can be expressed as

dpgw  16k°nT (k)
dtdlnk Wm%l T/’
where
. 1 , k< giT
— ) ~ kfe(k) < 5TC
¢(T) /e )Zdimf’)iln . k2T
8mn mp,

Determining the constant C' as well as the leading-order result
for giT < k <, T requires more demanding (properly resummed)

computations.
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Cosmological context
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As our reference temperature we take that corresponding to the
electroweak crossover in the Standard Model, T; = 160 GeV.

Solving the kinetic equation in an expanding background,

(0 + 4H)po(t) = [ T (T B)
and integrating from 7' down to T}, yields

1 dpgw(to)
e(Ty) dlnkg

Qaw(ko) =

Momenta redshift along the integration trajectory, so need

ors(T) %
¢(l; [s(flj”;)] ) ’

where s is the entropy density, and k, is the momentum at 7.
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Roughly:

.k
Then the argument of ¢ is TO[

1
s(T) |3 _ k
S(TO)] T T_g’ and

247 Tmax ki . /Ko
#z)

Qqw(ko) =~
awlko) = e e T3 O\

So the production is dominated by the highest temperature!

The peak power lies at k; ~ 37T, which corresponds to the
microwave range today, just like CMB.
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Observational prospects

In the eLISA range f < Hz, the result is extremely small.

Here one needs non-equilibrium physics, e.g. a phase transition
10
.9

associated with macroscopic distances, to get a signa

9 Colour coding of energy density from Hindmarsh, Huber, Rummukainen and Weir,
Gravitational waves from the sound of a first order phase transition, 1304.2433.

10 See also T. Kalaydzhyan and E. Shuryak, Gravity waves generated by sounds from big
bang phase transitions, Phys. Rev. D 91 (2015) 083502 [1412.5147].
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Observational prospects look more promising at large frequency.
Concepts have been proposed for the range (0.1 — 4.5) GHz. ™

Maximal expectation (4 ~ 5 X 107°):

o O 1 (4.5 GHZ)3 10—
~J X — _— ~Y .
GW =d * 700~ \100 GHz

Sensitivities up to Qqy ~ 10™° have been claimed, although
this would probably require a monochromatic source.

1 A.M. Cruise and R.M.J. Ingley, A prototype gravitational wave detector for 100-MHz,
Class. Quant. Grav. 23 (2006) 6185; T. Akutsu et al, Search for a stochastic background of
100-MHz gravitational waves with laser interferometers, Phys. Rev. Lett. 101 (2008) 101101
[0803.4094]; A.M. Cruise, The potential for very high-frequency gravitational wave detection,
Class. Quant. Grav. 29 (2012) 095003; F.Y. Li, R.M.L. Baker, Z. Fang, G.V. Stephenson and
Z. Chen, Perturbative Photon Fluxes Generated by High-Frequency Gravitational Waves
and Their Physical Effects, Eur. Phys. J. C 56 (2008) 407 [0806.1989]; M.L. Tong, Y. Zhang
and F.Y. Li, Using polarized maser to detect high-frequency relic gravitational waves, Phys.
Rev. D 78 (2008) 024041 [0807.0885].
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But there is one consideration which can be carried out.

The cosmological neutrino background is indirectly measurable,
because of its effect on the energy density and expansion rate.

There is no room for an additional relativistic degree of freedom
= energy density carried by gravitational waves has to be small!

At Ty fn gy Qew < 1/100.

12 T.L. Smith, E. Pierpaoli and M. Kamionkowski, A new cosmic microwave background
constraint to primordial gravitational waves, Phys. Rev. Lett. 97 (2006) 021301 [astro-
ph/0603144]; S. Henrot-Versille et al, Improved constraint on the primordial gravitational-
wave density using recent cosmological data and its impact on cosmic string models, Class.

Quant. Grav. 32 (2015) 045003 [1408.5299].
29



Carry out the integral with our approximate ¢:

/ 0 (k ) 2477 Tmax oodk k2 ¢(k0)
0 ~ 0 —
Inkq oW mVeéredsmp Ty Jo CTN\T,

2

24 n max 1
— | 8...— <K — .
7w 67mé3 3 mMp, 100

Inserting € ~ 35, 1) ~ 400 yields T < 10'7...10"® GeV.

Y

Within the standard inflationary paradigm only temperatures
below ~ 10%° GeV are expected anyways, so the constraint may
be weak, but it may also be somewhat more model-independent.
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Summary
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A full leading-order computation of ¢ for all momenta, together
with proper RG evolution of couplings, would permit for a more
precise bound on the maximal temperature of the radiation
epoch, independent of inflationary considerations.

This physics is somewhat ‘“complementary” to studies of
gravitational wave production at preheating after inflation,
with the advantage that only the Standard Model is involved.

A direct observation through tabletop gravitational wave
experiments may lie far in the future.
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